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4. Orbits
4.1 Periodic orbits
[R05 5.11.5; 5.11.7]
→ In the restricted three-body problem periodic orbits are those in which the trajectory of the infinitesimal
body is closed in the rotating system.
→ According to Poincare´’s conjecture, periodic orbits are dense in the set of the solutions of the restricted
problem. In other words, if a particular solution of the restricted three-body problem is given, we can
always find a periodic solution with the property that at all times its difference from the original solution is
arbitrarily small.
→ Motivated by Poincare´’s conjecture several authors studied periodic solutions of the restricted problem for
different values of µ with either analytic or numerical methods.
→ In particular, several studies focused on periodic orbits for µ = 0.5 (the so-called Copenhagen problem), µ =
0.012 (Earth-Moon system), µ = 0.00095 (Sun-Jupiter system) and µ = 0 (meaning Hill’s approximation)
[e.g. Stromgren (and Copenhagen school 1913-1939), Rabe (1961-1962), He´non (1965, 1969), Broucke (1968);
see R05 for references]
→ See Fig. 5.8 of R05 (FIG CM3.19) showing a family of periodic orbits for planar restricted problem with
µ = 0.5.
→ See Fig. 5.9 of R05 (FIG CM3.20) comparing a family for µ = 0.5 with a family for µ = 1/11.
→ Of course we are interested not only in the existence of periodic orbits, but also in their stability. We do not
discuss stability here in detail. Stability studies show that many orbits are highly unstable, but there are
also significant regions of stability. Orbits in such regions of phase space are such that, if perturbed, they
move onto another trajectory, which remains close to the original one.
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4.2 Resonance
[MD 8]
→ We speak of resonance whenever there is a simple numerical relationship between periods or frequencies.
Typically, in celestial mechanics we have the following resonances. Orbit-orbit coupling, when the ratio
of the periods of two periodic orbits can be expressed as a simple numerical ratio (e.g. two planets; two
satellites of the same planet; asteroid and planet): these orbits are called resonant orbits or resonant periodic
orbits (the resonance is called mean-motion resonance). Spin-orbit coupling: simple ratio between orbital
period and rotational period (e.g. 1:1 spin-orbit resonance of the Moon; 3:2 spin-orbit resonance of Mercury,
i.e. Mercury completes 3 rotations for every 2 revolutions).
→ Mean-motion resonance. We focus on orbit-orbit coupling. Let us consider, for instance, Sun, Jupiter (with
mean motion n) and an asteroid (with mean motion n′). The asteroid is said to be in p+ q : p resonance if
n′
n
=
p+ q
p
,
In this case the asteroid is internal (a′ < a, because n′ > n; we recall n = (GM)1/2a−3/2, where
M = M + m ' M), i.e. the period of the asteroid is shorter than that of Jupiter. The asteroid is
said to be in p : p+ q resonance if
n′
n
=
p
p+ q
,
In this case the asteroid is external (a′ > a, because n′ < n), i.e. the period of the asteroid is longer than
that of Jupiter). In all cases q is called the order of the resonance.
→ The simplest case is the 1:1 resonance: same period (e.g. the Saturn’s satellites Janus and Epimetheus, in
1:1 resonance with each other).
→ 2:1 resonance (see fig. 8.1 of MD, FIG CM3.21, stable configuration, opposition; and 8.2 of MD, FIG CM3.22,
unstable configuration, conjunction; different relative phases of the orbits). Note that in these plots only
the geometry of the resonance is represented. These configurations are not maintained unaltered, because
there is the resonant perturbation. Even the “stable” configuration is not necessarily stable if resonant
perturbations are considered (e.g. Kirkwood gaps in the asteroid belt).
→ Show examples of resonant periodic orbits in the circular restricted three body problem (e.g. Sun/Jupiter,
asteroid. Fig. 8.4 of MD, FIG 3.23; note that in this case the effect of resonant perturbation is neglected). In
the rotating frame the orbit can have loops at apocentre (internal satellite) or pericentre (external satellite)
if the eccentricity is large enough. For instance, for an internal satellite, the test-particle appears to move
backward (in the rotating frame), because the angular velocity is smaller than that of the secondary.
→ There are resonances involving more the two bodies. Most notably Laplace resonance among Io, Europa
and Ganymede (Jupiter’s satellites)
n1 − 3n2 + 2n3 = 0,
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where n is mean motion (n1 = 2n2 = 4n3). The phases are such that triple conjunctions are avoided.
4.3 Regular and chaotic orbits
[R05 5.11.9; MD 9.3, 9.4]
→ Orbits can be classified as regular and chaotic.
→ An object can be said to exhibit chaotic motion if it follows an highly irregular pattern in phase space.
Otherwise the motion is said regular (i.e. non-chaotic). Typically the long-term evolution of chaotic motion
is sensitively dependent on the initial state, while this is not the case for regular motion.
4.3.1 Surfaces of section
→ To investigate regular and chaotic families of orbits it is useful to introduce the concept of Poincare´ surface
of section (SOS), also known as Poincare´ map.
→ Let us define Poincare´’s SOS in the case of the planar restricted three-body problem. Each orbit can be
fully represented, at a given time, by a point in the 4-dimensional phase space (x, y, x˙, y˙). However, we know
that the Jacobi integral is conserved, so we can use the relation CJ = f(x, x˙, y, y˙) = const to eliminate y˙ and
fully represent the orbit in the 3D space (x, x˙, y). In other words, the path of the particle in the 4D phase
space is confined to a 3D surface. In this 3D space we now take a plane (typically y = 0) and we draw a
plot in the plane (x, x˙), marking a dot whenever the orbit goes through y = 0 with y˙ > 0 (show fig. 9.3 of
MD: FIG 3.25). This is called the Poincare´ SOS or Poincare´ map.
→ Let us make a geometric example in fewer dimensions. Take a 3D space x, y, z and consider a curve confined
onto a 2-sphere given by f(x, y, z) = x2 + y2 + z2 = const. If we take the intersection between the sphere
and the plane y = 0, we get the circle x2 + z2 = const, which is a 1D analog of the space (x, x˙): we then
build a 1D analog of the SOS marking points on this circle, corresponding to the intersection of our curve
with y = 0.
→ Note that in the Poincare´ map we do not plot points equally spaced in time.
→ In the SOS no distinct orbits with the same value of the integral of motion (Jacobi integral in the case of
the restricted problem) can occupy the same point.
→ Clearly, periodic orbits are represented on the SOS just by a repeated succession of one or more points.
See examples of orbit and corresponding SOS. For instance, draw SOS for some of the orbits shown in FIG
CM3.19 and FIG CM3.20.
→ Islands in SOS correspond to libration around a periodic resonant orbit. Periodic (resonant) orbits
correspond to points at the centre of islands. So islands correspond to “quasi-periodic” (regular) orbits.
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→ Typically the number of islands is equal to the order of the resonance.
→ Let us consider two examples of regular (MD section 9.3.2) and chaotic (MD section 9.3.3) orbits. In both
cases µ = 0.001, approximately the Jupiter-Sun mass ratio
→ Regular orbit. Let us first take an orbit with initial condition x0 = 0.55, x˙0 = 0, y0 = 0 and positive y˙0 such
that CJ = 3.0719. These values can be converted into initial semi-major axis a0 = 0.6944 and eccentricity
e0 = 0.2065 considering the motion of the infinitesimal body as a two-body orbit with respect to the primary
(see Problem 3.1).
→ This orbits is regular: regular pattern in e and a (fig. 9.4 of MD; FIG CM3.26) and well-defined islands
in the SOS (fig. 9.5 of MD, FIG CM3.27; see also orbit obtained via numerical integration, FIG CM3.28).
The centres of the islands correspond to periodic (resonant) orbits (in this case 7:4 resonance of order q = 3,
where p+ q : p = 7 : 4)
→ Chaotic orbit. Let us now take an orbit with initial condition x0 = 0.56, x˙0 = 0 and positive y˙0 such that
CJ = 3.0719. The only difference w.r.t. previous orbit is x0 = 0.56 instead of x0 = 0.55. These values can
be converted into initial semi-major axis a0 = 0.6984 and eccentricity e0 = 0.1967. This orbits is chaotic:
irregular pattern in e and a (fig. 9.6 of MD; FIG CM3.29) and wide and irregular coverage of phase space
in the SOS, avoiding islands (fig. 9.7 of MD; FIG CM3.30; see also orbit obtained via numerical integration,
FIG CM3.31). The islands are regions of regularity, corresponding to regular orbits librating around periodic
resonant orbits.
→ Application: asteroid belt and Kirkwood gaps (9.8; 9.8.3 MD). See Fig. 1.7 of MD (FIG CM3.23). The
distribution of the asteroids’ semi-major axes matches the positions of the resonances w.r.t. Sun-Jupiter
system. For instance, there are gaps in correspondence of 3:1 and 2:1 resonances, while there is a peak at the
3:2 resonance. This phenomenon is not obvious and it is has been studied in detail. Possible explanation:
orbits close to the 2:1 and 3:1 resonances are chaotic, while orbits close to 3:2 resonance are regular (MD
9.8.3; Wisdom 1985-1987)
4.3.2 Lyapunov exponent
[MD 9.3.4]
→ In chaotic mechanical systems the motion is characterized by strong dependence on the initial conditions:
if at time t0 two orbits are separated in phase space by d0 (small, linear perturbation), at a later time the
separation is
d = d0 exp[λ(t− t0)],
where λ is the Lyapunov exponent, with units of time−1. λ−1 is the Lyapunov time, which measures the
characteristic time over which the chaotic behaviour is apparent. The above equation can be written
λ =
ln(d/d0)
t− t0 .
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→ To quantify chaos of orbits we can measure the quantity
λ(t) =
ln[d(t)/d0]
t− t0 ,
and we define the Lyapunov characteristic exponent as
λ = lim
t→∞λ(t).
→ In a plot of log λ(t) vs. log t a chaotic orbit is represented by a curve log λ(t) ≈ const = logarithm of the
Lyapunov exponent, while a regular orbit is log λ(t) ≈ − log t (because d/d0 does not increase with time).
See Fig. 9.10 of MD (FIG CM3.32).
→ If a orbit is chaotic (λ > 0) we expect that over times ∼ λ−1 it fills densely regions of phase space. It does
not mean that it must cover all phase space or diverge to infinity. In several cases the occupied region of
phase space is limited (we speak about bounded chaos).
→ This is thought to be the case for the long-term evolution of the Solar System: it is chaotic (Lyapunov time
∼ 5Myr for inner planets; Laskar 1988), but the chaos is bounded and does not lead to dramatic effects, in
the sense that planets will remain close to their current orbits (maybe with the exception of Mercury; MD
9.10). Other application: stability and habitability of exoplanets (see Chapter 6).
Problem 4.1
Given the phase-space synodic coordinates x, y, x˙, y˙ of test particle in the planar circular restricted
3-body problem, compute a and e considering the motion as a two-body motion w.r.t. the primary.
By definition
a =
(
2
r1
− v
2
GM
)−1
=
(
2
r1
− v
2
1− µ
)−1
and
e =
√
1− 2EL
2
(GM)2m3
=
√
1− L˜
2
GMa
=
√
1− L˜
2
(1− µ)a,
where v2 = ξ˙2 + η˙2 and the modulus of the angular momentum per unit mass L˜ = ξη˙ − ηξ˙ (note
that here we must use sidereal coordinates ξ and η; see Section 3.2 for the conversion from x, y to ξ,
η). We recall that here we assume that the mean motion of the primaries is n = 1 and we have used
GM = 1− µ+m ≈ 1− µ.
4.4 The general three-body problem
[R05 5.12; VK chapters 6-10]
→ General three-body problem: arbitrary mass ratio and arbitrary mutual orbits of the three bodies.
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→ When the assumptions of the restricted problem are not valid (infinitesimal mass of the third body and
circular orbit of the primaries) little information on the three body problem can be obtained analytically
(for instance, we do not have Jacobi integral).
→ Much numerical work has been done with numerical integration of orbits for the general three-body problem
for a wide range of mass ratios and initial conditions. Based on these numerical results some general
statements on the three-body problem can be made, at least in a statistical sense.
→ To classify families of the general three-body problem it is useful to introduce some general relations. Let
i = 1, 2, 3 be the indices of the three bodies. The equations of motion of the i-th body are
mir¨i = −∂V
∂ri
,
i.e.
mix¨i = −∂V
∂xi
, miy¨i = −∂V
∂yi
, miz¨i = −∂V
∂zi
,
where
V = −1
2
G
3∑
k=1
3∑
j=1
mkmj
rkj
,
is the gravitational potential energy, with j 6= k, rkj = |rkj | and rkj = rj − rk.
→ Writing explicitly the derivatives of V we get the equations of motion in the form
mir¨i =
j 6=i∑
j=1,3
Gmimj
r3ij
rij ,
→ We have seen that for a closed system of interacting particles the energy E is conserved:
E = T + V,
where T =
∑
i
1
2mir˙
2
i is the kinetic energy.
→ It can be shown (e.g. VK) that the following identity, known as the Lagrange-Jacobi identity, holds:
d2I
dt2
= 2(2T + V ) = 2(2E − V ) = 2(T + E),
where
I ≡
∑
i
mir
2
i
is the polar moment of inertia.
→ Positive energy. When E ≥ 0, it follows from the Lagrange-Jacobi identity that d2I/dt2 > 0, which implies
that the system must split up, because either one body goes to infinity and the other two remain as a binary
(escape, or hyperbolic-elliptic configuration) or all three bodies go to infinity (explosion).
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→ Negative energy. What happens when E < 0? There are several possibilities. For relatively long time we
can have interplay, in which the three bodies remain in a relatively small volume. It is possible to have close
approaches (small rij), followed by ejections: two bodies form binary and the third body is temporarily
very far. If the body has a speed exceeding the escape velocity we can have escape also in this case. It is
possible to have relatively stable configurations (named revolutions) in which the third body orbits around
the binary with semi-major axis much larger than that of the binary (this happens in triple stellar systems;
see below). There are also known periodic orbits in the general three-body problem, but they are unstable.
→ Note that with ejection we do not mean escape, but a temporary stage in which the third body goes far
away and then comes back.
→ Three-body systems tend to be unstable (i.e. short-lived stages of the evolution of a dynamical system).
Typically, there is a (stable) binary, a third body meets it, there is an interaction phase (interplay) and finally
an escape (either distant fly-by or close encounter). An exception is the case of revolution configurations.
→ In general: interplay (three bodies in a small volume) =⇒ escape (one body and a binary both leaving the
original volume).
→ The orbital behaviour of a three-body system is chaotic (strong dependence on initial conditions; show fig.
7.1 of VK, FIG CM3.33). But the statistical distributions of the orbital properties are predictable.
4.5 Hierarchical dynamical systems (and Jacobi coordinates)
[R05 5.12-5.13; VK chapt 7-8]
→ In several circumstances the configuration of the general three-body problem is such that there is a close
binary plus a third (distant) body (revolution). This is an example of hierarchical dynamical system (HDS).
→ There are other examples of HDSs with more than three bodies. Most interesting is the case of multiple
stellar systems such as quadruple stellar systems (see fig. 1.3 of R05, FIG CM3.34).
→ In the case of a triple HDS it is convenient to introduce a system of coordinates known as Jacobi coordinates.
The two bodies of the binary have masses ma and mb (total mass mB = ma + mb) and separation r. The
(single) third body (sometimes called escaper) has mass ms and distance rs from the centre of mass of the
binary. The total mass of the system is mtot = mB +ms. The total energy of the system can be written as
E = EB + Es, where the energy of the binary is
EB = −Gmamb
r
+
1
2
mamb
mB
r˙2,
Es = −GmsmB
rs
+
1
2
msmB
mtot
r˙2s .
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→ When the third body comes from a large distance we can end up with different configurations:
- capture (or resonance), which is a relatively long-living stage of three-body interplay (in any case the
resonance will finally end with an escape of one of the body);
- exchange: the infalling body remains bounded and one of the bodies in the original binary escapes;
- flyby: the infalling body escapes;
- ionisation: all three bodies fly apart (explosion)
→ See fig. 8.1 of VK (FIG CM3.35).
→ The interaction of the third body with the binary is well described by exchange of energy between the binary
and the third body, with total energy E conserved:
EB,f + Es,f = EB,0 + Es,0,
where subscript f indicates the final state and subscript 0 the initial state.
→ Initially we expect Es,0 ≥ 0. If, for instance, Es,f < 0 we have capture. Correspondingly EB,f > EB,0 (the
energy becomes less negative, so the binary is less bound).
→ If EB,f < EB,0 (i.e. more negative), and therefore Es,f > Es,0, we have a scattering (escape) with the final
binary more bound (harder) than the original binary.
→ When there is capture, the following evolution is a succession of interplay phases and ejections, and finally
we typically have an escape.
→ An important application is the effect of binaries on the dynamical evolution of star clusters. In star clusters
there are both binaries and single stars. The interaction between single stars and binaries is important for
the evolution of the cluster. Consider an incoming star and a binary: if the binding energy of the binary
is larger than the energy of the incoming star the binary is called hard (v < v0, where v is the speed of
the incoming star when it is distant and v0 is the average rotation speed of the binary). It is found that
hard binaries become harder and eject stars with high speeds =⇒ the cluster is heated =⇒ expansion and
possibly disruption. The binaries act as sources of energy.
→ Another important application is the evolution of binary supermassive black holes in the centre of galaxies,
interacting with stars (VK 11.1) and also of triple supermassive black holes (VK 11.2).
4.6 Triple and multiple stellar systems
[R05 1.3.2, 15.12]
→ It is estimated that about a half of the stars in the Milky Way are members of binary, triple or other multiple
stellar systems.
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→ Between 1/4 and 1/3 of the binaries are in fact found to be triple stellar systems.
→ Between 1/4 and 1/3 of the triple systems are quadruple systems and between 1/4 and 1/3 of the quadruple
systems are quintuple systems.
→ A hierarchical (tree-type) classification is useful (see Fig. 1.3 of R05; FIG CM3.34). Hierarchy n, where n
is the number of levels.
→ Typical configurations of triples: a wide binary system, one component of which is itself a close binary
(hierarchy 2).
→ Typical configurations of quadruples: a wide binary system, each component of which is itself a close binary
(hierarchy 2). Or a hierarchy-2 triple system, in which one of the components of the close binary is itself a
much closer binary (hierarchy 3). Separation ratios between different levels are large, up to two orders of
magnitude.
→ Dearth of multiple systems in which the mutual separations are of the same order, which has a dynamical
origin: hierarchical configurations are more stable.
→ We have seen that the interplay phase of the general three-body problem is transient and highly unstable
=⇒ escape/ejection.
→ We have seen that a quasi-stable configuration is revolution: this explains why most triples are found in
these hierarchical configurations.
→ Mathematically the orbits are described using the same formalism as for the Earth-Moon-Sun system. We
use two vectors (Jacobi coordinates): rs (position vector of star 3, w.r.t. centre of mass of binary system
1+2) and r (position vector of star 2 w.r.t. star 1). Typically r/rs =  1, which can be used to simplify
the equations of motion.
→ The bottom line is that in a hierarchical triple system the orbits of the wide and close binaries are slightly
perturbed elliptic orbits.
4.7 Binary supermassive black holes
[VK 11.1; Merritt (2006); BT08 8.1.1(e)]
→ Most galaxies host at their center a supermassive black hole (BH) with masses MBH = 106-109M. MBH
linearly proportional to bulge mass of the host galaxy MBH ' 0.002Mbulge.
→ When two galaxies merge a binary BH is expected to form at the centre of the merger remnant. How do
these binary BHs form and evolve?
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→ Four phases:
1) Formation of binary BH via dynamical friction;
2) Binary BH orbit shrinks because of dynamical friction;
3) Hardening of binary BH by ejection of stars (three-body interactions);
4) Emission of gravitational waves =⇒ coalescence.
→ Dynamical friction. A massive body (e.g. BH) traveling through a distribution of much less massive bodies
(e.g. stars) is decelerated.
→ 1) Formation.
Let us consider a minor merger in which a massive galaxy accretes a less massive satellite galaxy. Each
galaxy contains a BH at its centre. The satellite spirals into the centre because of dynamical friction. The
satellite is stripped of its stars by tidal forces and the BH ends up naked. The naked BH’s orbit decays
because of dynamical friction. But dynamical friction force is proportional to mass and MBH ≈Mbulge/1000,
the decay of is slower when the BH is naked. When the smaller BH gets close to the centre of the massive
galaxy a binary BH forms.
→ 2) Binary BH orbit shrinks because of dynamical friction.
The two BHs orbit around each other and initially their orbit shrinks via dynamical friction. The speed v
of the BHs increases as the semi-major axis a of their orbit decreases. When v  σ (σ is velocity dispersion
bulge, i.e. typical velocity of the stars) dynamical friction becomes less and less effective.
→ 3) Hardening of binary BH by ejection of stars.
When v  σ the BH binary is said a “hard binary”. We have seen (chapter 3) that a hard binary tends
to get harder (i.e. separation becomes smaller) via 3-body interaction and ejection of stars (fly-by). This
process is efficient as long as there are stars in the “loss cone” (i.e. with small enough angular momentum;
geometrically, a cone in energy-angular momentum space). If the loss con is empty, the BH stalls.
→ 4) Emission of gravitational waves =⇒ coalescence.
If the BH binary separation is small enough emission of gravitational waves (predicted by general relativity)
becomes important and lead to coalescence.
→ See fig. 23 of Merritt (2006, arXiv:astro-ph/060507, FIG CM3.36).
→ In september 2015 the interferometer LIGO detected the first gravitational-wave signal (GW150914). This
signal is due to the coalescence of two stellar-mass balck holes (29M and 36M) with the final formation
of a black hole of mass 62M ( Abbott et al. 2016, http://arxiv.org/abs/1602.03837 ) . An energy 3Mc2
is emitted as gravitational waves. A possible formation scenario for such a binary is via three-body and
four-body interactions in a dense star cluster (Rodriguez et al. 2016, http://arxiv.org/abs/1604.04254 ).
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4.8 The problem of three black holes
[VK 11.2]
→ Let us assume that a galaxy hosts in its nucleus a binary BH, formed as a consequence of a galaxy merger.
→ New merger before the binary coalesces =⇒ three BHs interacting.
→ Problem of three BHs different from classical three-body problem, because Newtonian gravity does not give
an adequate description.
→ General relativity effects are important. Usual approach: Post-Newtonian formalism. Newtonian interaction
is modified only for close encounters.
→ Additional relativistic effect: loss of energy and angular momentum via emission of gravitational waves.
→ Some results of numerical investigations of the problem of three BHs:
- in about ∼ 50% of typical triple systems, 2 BHs coalesce, so the system becomes a binary.
- in the other ∼ 50% one of the BH is ejected, the other two form a binary, which also leaves the nucleus of
the galaxy as a consequence of the recoil. Typically speed of ejected bodies is less than escape speed of the
galaxy, so the ejected BH and the BH binary do not leave the galaxy. They can fall back into the nucleus
via dynamical friction (but dynamical friction timescale can be long, of the order of Gyrs).
Bibliography
→ Binney J., Tremaine S. 2008 , “Galactic dynamics”, Princeton University Press, Princeton (BT08)
→ Carroll W., Ostlie D.A. 2007, “An introduction to modern astrophysics”, Pearson Addison-Wesley (CO07)
→ Merritt, D., 2006, Rep. Prog. Phys., 69, 2513-2579 (arXiv:astro-ph/0605070)
→ Murray C.D., Dermott S.F., 1999, “Solar system dynamics”, Cambridge University Press, Cambridge (MD)
→ Roy A.E., 2005, “Orbital motion”, 2005 Taylor & Francis (R05)
→ Szebehely V., 1967, “Theory of orbits: the restricted problem of three bodies”, Academic Press, New York
and London (S67)
→ Valtonen M., Karttunen H., 2006 “The three body problem”, Cambridge University Press, Cambridge (VK)
